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Each real number is specified by a partitioning or cut of the rational numbers. Such a
cut corresponding to the number « is designated by (A1, Az2), where

AJUA;=Q and AjNAy =4,

and each member of A; is less than each member of A5. The task of the addition of real
numbers is to be reduced to the addition of rational numbers using the definition of reals
using cuts.

To add two numbers « and [ we need only to determine how to obtain the cut (C1, C3)
corresponding to 7 = « + 8 from the cuts (A;, A2) and (B, BQ)E The motivating idea is
that if we add two rationals a; and b; from A; and Bj, respectively, then the result must be
smaller or equal to the sum of a and 3, so in C. Thus, if ¢ is any rational number, it is put
into the class C7 provided that there are elements aq and b; such that ¢ < a; + by. All other
rational numbers are put into the class Cs.

This does indeed result in a cut because it is a partitioning and every number in Cj is
less than every number in C5. To show this there are three cases to consider, but we will just
consider the case where one, say «, is rational and the other, 3, is irrational.

First of all for any ¢; € C1, ¢1 < a + 8, since from a; < «a and by < S, it follows that
c1 < a1 +b < a+ p. Furthermore, suppose that there is some ¢y € Cy such that co < a+ (.
This implies that a4+ 8 = co + 9, where § is some positive real number. Let p be any positive
rational number smaller than §. Then we have o 4+ 8 > ¢3 + p, so that

e < (= ip)+ (B 1p).

Since o — %p € Ay and g — %p € By, this means that ¢y € C7, which is a contradiction. Thus,
every ¢y € (9, is such that co > a + 3. Therefore (C1,C5) is indeed a cut, and is produced
by the sum a + 8. The other two cases are shown similarly.

It follows from this that the additive structure of the rational numbers is inherited by the
real numbers provided that we understand by the sum a + 3 of two real numbers o and
the real number 7 produced be the cut (Ci, Cy).

Dedekind points out that it makes no difference to the sum in the case considered whether
the number « is put in the class A; or the class Ay. Although this is intuitively clear, we
provide a proof. In the first cut, (A}, A}), o € A]. In this case C} is determined by those
rational ¢y such that ¢; < a + b;. In the second cut, (A%,A%), o € A%. In this case C] is

LA similar situation obtains for other operations on real numbers.



determined by those rational ¢; such that ¢; < a; + b1, where a1 < a.

Suppose that o +1 8 # « 42 5. In such a case it would have to be that a +1 5 > a +2 3,
since the only difference between the two cases is, respectively, whether a1 < a or a; < a.
In this case, it must be that there is some c3 € C3 such that ¢3 € C}. In this case, there are
at € Al and by € By such that ¢3 < al + b;. Now, either a}l < a or a}l = a. In the former
case, c3 € C%, which is a contradiction. If, on the other hand, al = «, then ¢ +p = a + by,
for some positive rational number pE| Thus, ¢3 = (o — %p) + (b1 — %p), which again implies
that ¢3 € C?, a contradiction. Thus, a +1 8 = a +2 3
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2Strictly speaking this argument will only work in case that ¢3 < a+b;. In case that ¢3 = a+ by, however,
there will always be some b} > by such that ¢3 < a + b}, since 3 is irrational by supposition. Thus, this case
can be reduced to the one considered in the text.



